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CN ! Abstract 

o 

CN ' We resolve the entire gravitational field;i.e. the Riemann curvature 

into its electric and magnetic parts. In general, the vacuum Einstein 
Q\ . equation is symmetric in active and passive electric parts. However it 

Q I turns out that the Schwarzschild solution, which is the unique spher- 

ed' ically symmetric vacuum solutions can be characterised by a slightly 

Jh . more general equation which is not symmetric. Then the duality trans- 

^^' formation, implying interchange of active and passive parts will relate 

the Schwarzschlid particle with the one with global monopole charge. 
S^ . That is the two are dual of each-other. It further turns out that 

flat spacetime is dual to massless global monopole and global texture 
spacetimes. 
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Like the electromagnetic field, and following the analogus procedure, 
gravitational field;i.e. Riemann curvature tensor can as well be resolved into 
electric and magnetic parts relative a unit timelike vector [1-2]. Then the Ein- 
stein equation can be written in terms of electric and magnetic parts of the 
curvature. It was noticed that the Ricci and the Einstein tensors were related 
through a duality relation in electric (interchange of active and passive) parts 
of the Riemann curvature and its implication on matter content of spacetime 
has been discussed [2]. It turns out that under the duality transformation in 
which active and passive electric parts interchange their roles, a fluid solution 
remains a fluid solution with its density and pressure transforming, while en- 
ergy flux and trace-free anisotropic pressure remaining unaltered. 

In this note we wish to investigate spherically symmetric vacuum space- 
time in relation to the duality transformation. In general the vacuum Einstein 
equation is symmetric in active and passive electric parts. The question is, 
can we have an equation that distinguishes between active and passive parts 
and yet giving a vacuum solution? If yes, then it would be interesting to 
enquire what happens then under duality transformation? In particular for 
spherical symmetry, the Schwarzschild solution is the unique vacuum solu- 
tion. Can we obtain the Schwarzschild solution from an equation that distin- 
guishes between active and passive parts? The answer is yes, we can obtain 
the solution from a slightly more general equation that is not symmetric in 
active and passive parts. Now what solution follows when duality transfor- 
mation is performed? Interestingly it turns out that the solution dual to 
the Schwarzschild describes the Schwarzschild particle with global monopole 
charge [3]. Similarly it can be shown that spacetime dual to fiat describes a 
massless global monopole or a uniform relativistic potential [4-5]. That is 
duality simply puts on a global monopole charge on spacetime. 

Global monopoles are supposed to have been created during phase transi- 
tion in the early Universe [6-7]. They are stable topological defects produced 
when global symmetry is spontaneously broken. In particular for a global 
monopole, it is 0(3) broken into U{1). A solution for a Schwarzschild parti- 
cle with global monopole charge has been obtained by Barriola and Vilenkin 
[3]. By employing the generalised equation we show that the Schwarzschild 
and the Barriola- Vilenkin solutions are related through the duality transfor- 
mation;i.e. they are dual of each- other. Like the Schwarzschild solution, the 



global monopole solution [3] is also unique. Further the other topological de- 
fect, global texture spacetime [8-9] is an isotropic and homogeneous solution 
of the equation obtained under duality transformation from the one charac- 
terising flat spacetime. That is global texture is a homogeneous dual, while 
massless global monopole or uniform potential is static dual of flat spacetime. 
Applications to cosmology and properties of global monopoles [7,11-13] and 
of global textures [8-9,14-18] have been studied by several authors. 

Let us begin with the resolution of the Riemann curvature relative to a 
unit timelike vector, as follows : 

Eac = RahcdU^u'^, Kc = *R *abcd U^u'^ (l) 

Hac = R *abcd U U = H(^ac) — H[ac] (2) 

where 

H{^ac) = C *abcd U^U'^ (3) 

H[ac\ = -VabceRdU^u"^. (4) 

Here Cabcd is the Weyl conformal curvature, rjabcd is the 4-dimensional volume 
element. Eab = Eba, Eab = Eba, {Eab, Eab, Hab)v}' = 0, H = H^ = and 
u^'Ua = 1. The Ricci tensor could then be written as 

R'^^ = E'^ + E'^ + {E + E)uy - Egl + ]^r^,^^H^-gl (5) 

where E = El&ndE = E^. It may be noted that E = {E+\T)/2 defines the 
gravitational charge density while E = —Tabu"'u^ defines the energy density 
relative to the unit timelike vector u"' .The vacuum equation, Rab = is in 
general equivalent to 

EorE = 0, Hyab] =^ = Eab + Kb (6) 

while for spherical symmetry, what would suffice, is 

i„i 



H^ab] =0 = E, Eab + Eab = \9a9l, (7) 



where A is a scalar. Here we have taken the resolving vector to be hypersur- 
face orthogonal. It can be easily verified that for the metric 

ds^ = c\r, t)de - a\r, t)dr^ - r\de^ + sin^Odip^) (8) 

the equation (7) characterises the Schwarzschild solution. What really hap- 
pens is that E = gives a = (1 — 2M/r)^^/^ , while the other equation 
yields ac = 1 and A = 0. Note that eqn.(7) implies A = 0, then it becomes 
equivalent to the vacuum equation (6). That is the slightly more general 
equation (7) than the vacuum equation (6) is good enough for characterisa- 
tion of vacuum in this case, because the Schwarzschild solution is the unique 
vacuum solution in spherical symmetry. 

We consider the duality transformation, 

Eab ^ ^ Eab, Hah ^ ^ Hah (9) 

which implies Rah < — ^ Gab- This is due to the fact that Rah and Gab are 
defined by contraction of Riemann and its double dual [19]. Let us now 
employ this duality transformation to eqn.(7).That means 

H^ab] = = E, Eah + Eab = XqIqI (10) 

Its general solution for the metric (8) is given by 

2M, 



a 



-' = {1 - 2k - ^'/\ (11) 



This is the Barriola-Vilenkin solution [3] for the Schwarzschild particle with 
global monopole charge y/2k. Here E = gives c' = const.a/r'^, and the 
other equation would imply ac = 1, which will yield c = (1 — 2/c — 2M/r)^/^ 
and A = 2k /r"^. This has non-zero stresses given by 

T^,=Tl = ^±. (12) 

A monopole is described by a triplet scalar, ip^-^r) = ?7/(r)x"/r, x"x" = r^, 
which through the usual Lagrangian generates energy-momentum distribu- 
tion at large distance from the core exactly of the form given above in (12) 
[3]. Like the Schwarzschild solution the monopole solution (11) is also the 



unique solution of eqn.(lO). 

On the other hand, flat spacetime is characterised by 

Eab = = H[ab],Eab = ^9a9b (13) 

leading to c = a = 1. Its dual will be 

Eab = = H[ab],Eab = XqIqI (14) 

yielding the general solution, 

c' = a' = ^ c = 1, a = canst. = (1 - 2k)'^''^ (15) 

which is non-fiat and represents a global monopole of zero mass, as it follows 
from the solution (11) when M = 0. 

It can be readily shown that the above solution corresponds to uniform rel- 
ativistic potential [4-5]. It turns out that the vacuum equation for the metric 
(8) ultimately reduces to the usual Laplace equation and its first integral. 
That is i?? = and R^ = R\ lead to c"^ = a~^ = I + 20(r), then we finally 

write [5], 

^S = - V' = (16) 

Rl = Rl = -l{r<l>y = 0. (17) 

The solution of the first equation is well-known, = —k — M/r while the 
second equation determines A; = 0, which was free in the Newtonian the- 
ory. This is the crucial difference between the Newtonian and the relativistic 
treatment of this problem. Clearly = —k 7^ is not a vacuum solution and 
it would generate stresses precisely of the form given above in (12). Thus the 
massless global monopole metric (8) with (15) can as well be looked upon 
as the spacetime describing a uniform relativistic potential, = —k 7^ 0. It 
may be noted that the uniform potential spacetime is purely supported by 
the passive electric part. It has been argued and demonstrated [5] that pas- 
sive part accounts for non-linear character of the field. That is non-linearity 
produces spatial curvature, which does not vanish even when potential is set 
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equal to a constant different from zero. Since this uniform potential unlike 
the Newtonian theory has non-zero physical attribute in GR and hence it 
would represent a purely relativistic spacetime with no Newtonian analogue. 

Further it turns out that a perfect fluid with p + 3p = goes to fiat spacetime 
under the duality transformation [20]. This is the equation of state, which 
means E = 0, characterising global texture [18]. That is, the necessary con- 
dition for topological defects; global textures and monopoles is E = 0. For 
the isotropic and homogeneous FRW metric, this would determine the scale 
factor S{t) = at + 13, and p = 3(a2+ k) /{at + I3f, k = ±1, 0. It is in fact 
the homogeneous and isotropic solution of eqn.(14) which is also unique. Its 
static analogue was the massless global monopole (15). That is how global 
monopole and global texture spacetimes are dual to fiat spacetimes. 

Further it turns out that the spacetime with i? = can be generated by 
considering a hypersurface in 5-dimensional Minkowski space defined, for 
example, by 

7-2 2 2 2 2 _ h.2{j.2 2 2 2\ {TQ\ 

which consequently leads to the metric 

ds"^ = k'^dT'^ - T^[dx^ + sinh\{de'^ + sin'^Odip^)]. (19) 

Here T"^ = t^ - xf - xj - xl and p = 3(1 - k^)/k^T'^. The above con- 
struction will generate spacetimes of global monopole, cosmic strings (and 
their homogeneous versions as well), and global texture like depending upon 
the dimension and character of the hypersurface, and of course, ii^ = al- 
ways;i.e. zero gravitational mass [10]. The trace of active part measures the 
gravitational charge density, responsible for focussing of congruence in the 
Raychaudhuri equation [21]. The topological defects thus have vanishing fo- 
cussing density. 

It is remarkable that the Schwarzschild solution with and without global 
monopole charge could be related through a duality transformation, which 
implies interchange of roles of active and passive electric parts of the filed. In 
general the empty space equation is symmetric in active and passive parts and 
hence duality will not make any difference. In spherical symmetry, we have 
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been able to characterise the unique Schwarzschild solution by an equation 
which is not symmetric, and hence it gives rise to new solution under dual- 
ity. This is how Schwarzschild particles with and without global monopole 
are shown to be dual to each- other under the duality transformation. Their 
mass-free versions will relate flat spcetime with zero mass global monopole (or 
uniform potential) spacetime. Note that the duality transformation amounts 
to adding or removing global monopole charge from spacetime. 

The crucial point for the duality transformation to work is to break the sym- 
metry between active and passive parts in the equation. In whichever sit- 
uations this could happen, the duality transformation would work to define 
duality relationship between spacetimes. Note that E remains unchanged 
under the duality transformation which means it does not affect the active 
gravitational charge, implying invariance of gravitational acceleration on free 
particles. It is interesting to note that the symmetry in eqn.(7) has been bro- 
ken by adding something on the right, which is made up of a product of a 
spacelike vector pointing in the (radial) direction of acceleration. This seems 
to suggest a general procedure to break symmetry; i.e. add on the right of 
(7) term which is made up of spacelike vector pointing in the direction of the 
acceleration. Here we have taken the timelike resolving vector to be hyper- 
surface orthogonal which is suggested and is consistent with the symmetry 
and physics of the situation. This procedure may however not always lead to 
a viable application of duality transformation. The crucial thing to happen 
is that the equation distinguishes between active and passive parts. 

Application of the duality transformation, apart from the vacuum case con- 
sidered here, has been considered for fluid spacetime [20]. The duality trans- 
formation could be easily applied to the eletrovac equation including the 
A-term. Here the analogue of the master equation (10) is 

i7[„5] = 0, i? = A - 1^, E^ + E^ = (-^ + \)gy, (20) 

which has the general solution c^ = a"^ = (1 — 2A; — 2M/r + Q'^/2r'^ — Ar^/3) 
and A = 2k/r'^. The analogue of eqn(7) will have E = —A — Q'^/2r'^ instead 
of E in (20). Thus the duality transformation works in general for a charged 
particle in the deSitter Universe. The details will be given elswhere (2). The 
next question we wish to address in future investigation is to find in which 
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symmetries does the duality work? In other words this will be equivalent 
to asking which other symmetry admits global monopole charge and global 
texture, and in general topological defects? One of the most interesting ques- 
tions will be to find a global monopole version of the Kerr solution. That 
is to put a global monopole charge on a rotating particle. This is a hard 
problem which we have been working on for quite a while without success. 
Hopefully the duality might throw some new light leading to the solution. At 
any rate for spherical symmetry it does provide some deeper insight, which 
is in itself interesting enough. 

Finally massless global monopole or uniform potential, and global texture 
spacetimes are shown to be dual to flat spacetime, should they be thought 
of as "minimally curved" ? 
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